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Abstract-A new, numerical approach is developed for modelling fluid phenomena. 
Unlike the continuum and statistical mechanics approaches, it uses relatively small sets 
of quasi-molecular particles which interact in accordance with classical, molecular-type 
formulas. Computer examples are described and discussed, as is the potential for mo- 
delling turbulent behavior. 
1. INTRODUCTION 
Fluids are composed of atoms and molecules, and the gross dynamical behavior of any 
fluid is determined by the behavior of these constituents[3]. If one wishes to model a fluid 
as a large, but finite, collection of, say, molecules, then the classical molecular force laws 
would yield a system of second order, ordinary differential equations, but one so large 
that there are three times the number of equations as there are molecules. Thus, for 
example, if one had a basin of water with 10” molecules, a dynamical model based on a 
Lenard-Jones type potential would yield a system of 3.10” second order, ordinary dif- 
ferential equations. It is small wonder, then, that this direct approach has, by practical 
necessity, been avoided avidly in the past. Instead, thermodynamical phenomena have 
been explored by means of statistical mechanics, while nonthermodynamical phenomena 
have been explored by analyzing relatively small systems of partial differential equations 
associated with continuum models. It is the applications to which these latter models have 
been made which are of interest in the present paper, so let us examine further aspects 
of continuum modeiling. 
If one models a fluid as a continuum of points, then the conservation laws for both 
compressible and incompressible fluids lead directly to the Navier-Stokes equations[ 10, 
13, 151. These quations, though small in number, are highly nonlinear. Study and ap- 
plication of the Navier-Stokes equations over the last 160 years has led to a deep un- 
derstanding of many aspects of fluid behavior because, among other advantages, these 
equations include boundary layer effects. There are, however, at least two major dis- 
advantages in modelling with the Navier-Stokes equations. First, per se, they fail to apply 
to the most common type of fluid behavior, namely, turbulent flow. And, second, recent 
computer studies show that solutions can be most elusive, even when approximated by 
modem numerical methods. For example, when grids are rotated using finite difference 
methods, or when elements are varied using finite element methods, numerical results 
can change dramatically, the implication being that computer pictures of fluid motions 
can look perfectly reasonable yet be entirely incorrect. 
Such limitations and disadvantages have motivated another look at direct molecular 
modelling, but by means of quasi-molecular, or particle, approximations[‘l, 121, the ra- 
tionale of which is described next. 
273 
273 DONALDGREENSPAN 
2. CLASSICAL MOLECULAR MECHANICS 
For purposes of intuition, it will be important to review, first, how molecules interact. 
Within a larger body, molecules interact only locally, that is, only with their nearest 
neighbors. This interaction is of the following general nature[lO]. If two molecules are 
pushed together they repel each other, if pulled apart they attract each other, and mutual 
repulsion is of a greater order of magnitude than is mutual attraction. Mathematically, 
this behavior is often formulated as follows. The magnitude F of the force F between two 
molecules which are locally r units apart is of the form 
(2.1) 
where, typically. 
G > 0, H > 0, q>pz7. (2.1) 
The major problem in any simulation of a physical body is that there are too many 
component molecules to incorporate into the model. The classical continuum approach 
is to replace the large, but finite. number of molecules by an infinite set of points. In so 
doing, the rich physics of molecular interaction is lost because every point always has an 
infinite number of neighbors which are arbitrarily close. A viable computer alternative is 
to replace the large number of molec~rles by a much smaller number of particles and then 
readjust the parameters in (2.1) to compensate. It is this latter approach which we will 
follow. 
3. A GENERAL COMPUTER ALGORITHM 
The general idea outlined in Section 2 can be implemented easily in the following 
constructive fashion[6]. Specifics are given in two dimensions, but extension to three 
dimensions is direct, since the basic dynamical formulas are given in vector form. 
Consider N particles Pi, i = 1, 2, 3, . . . , V. For At > 0, let tk =X-At, k = 0, 1, 2, 
. . . . For each of i = 1, 2, 3, . . . , N, let mi denote the mass of Pi, and let Pi at ta be 
located at ri.k = (.~;.k, yi.k), have velocity vi.k = (vi,k.s. vi,k,y), and have acceleration ai,x_ 
= (ai,k.,, ai.k.,,). Let position, velocity and acceleration be related by the recursion for- 
mulas 
I 
Vi. 112 = Vi.0 + r(~th.0, starter formula, (3.1) 
v;.k+ I/Z = Vi.k- 112 + @t)ai,k, k = 1, 2, 3, . . . , (3.2) 
ri./i * 1 = ri.k + (At)Vi.k+ 12, k = 0, I, 2, 3, . . . (3.3) 
At tk-, let the force acting on Pi be Fi,k = (Fi,k,.r, F;,,,,). We relate force and acceleration 
by the dynamical equation 
Fi.k = mia;,k. (3.4) 
As soon as the precise structure of Fi.k is given, the motion of each Pi will be determined 
explicitly and recursively by (3. I)-(3.4) from given initial data. The force F;,k is described 
now as follows. First, fix a positive parameter D, called the local distance parameter. 
Any particle Pj, different from Pi, which lies in the circle of radius D and center Pi is 
called a neighbor of P;. If Pj is a neighbor of Pi, let rij,k be the vector from Pi to Pj at time 
Particle modelling of fluid phenomena 175 
tk, so that rlj‘k = 1 ri.k - rj,r; / is the distance between the two particles. Then the local 
force F;.k on Pi at time tk is defined by 
F,;,k = Gmimj ~ rji.k Hmimj 
(r,-.kY (rij.k)Y 1 I 'ij.k 
The total local force F;L; on Pi at tk is defined by 
(3.5) 
(3.6) 
j= I 
jti 
where the summation in (3.6) is taken over all neighbors of Pi. Finally, the total force Fj.l 
acting on Pi at tk is defined by 
Fi.k.r = K.k.r, Fi,k.y = fi,x_,y - mig , (3.7) 
where g is a gravity constant and the force of gravity acts uniformly on all particles. 
For the convenience of the reader, a basic FORTRAN program of the above algorithm 
is given in Appendix I of Greenspan[8]. Extensions and modifications for the examples 
which follow can be developed easily from it. 
Note that, throughout the present paper, we choose 3 t = lo-‘, so that this parameter 
will not be discussed further. 
4. GENERATING PARTICLE FLUIDS 
To begin, let us show how to construct a particle fluid by means of a detailed, illustrative 
example. The verification of fluid properties will be carried out in the next section. 
Consider a rectangular basin ABCD, whose base BC has length 6.5. as shown in Fig. 
4.1. Let the dynamical parameters have the values G = 100, H = 9, p = I, g = 3, D 
= 0.4, g = 98.0, N = 159, mi = 1, i = 1, 2, 3, . . . , 159. Arrange the particles in six 
rows in the basin, as shown in Fig. 4.2, so that there are 27 particles in rows 1, 3 and 5, 
and 26 particles in rows 2,4 and 6. The particle arrangement is that of a triangular mosaic 
in which the distance between any pair of adjacent particles on a fixed row is 0.23, while 
the distance between two consecutive rows is taken to be k, which is as yet undetermined. 
To each particle assign an initial velocity of 0. 
Were k to be fixed, then all the initial particle data would be determined, so that (3.11- 
(3.7) could then be used to describe the resulting particle motions, except for one con- 
X 
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Fig. 3.2. 
Fig. 1.3 
sideration. We wish to keep the particles within the basin, so that we must now introduce 
a procedure for reflection when a particle collides with any boundary section. This is 
done as follows. For each particle Pi at time rx-, 
(a) if .Y~.~ > 3.25, then reset as follows: 
,~i,/i - 6.5 - .ti.k, 
l’i.,k..r + - ~Vi.X..r. 
~i.k..V + 81-‘i.k.y 3 
(b) if xi.k < - 3.25, then reset as follows: 
(cl if yi.k < 
where 6 is a damping parameter which we choose now to be 0.9. 
The final problem is to choose k, the distance between consecutive rows, so that gravity 
and the local forces are in relative balance. This is done by applying (3.1H3.7) for each 
of k = 0.10, 0.15, 0.20, 0.25. 0.30, 0.35, 0.40. One finds that for k = 0.10, 0.15, 0.20 the 
top row rises, which indicates that the local forces are too strong for gravity. For k = 
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0.30, 0.35, 0.40, the top row always fails, which indicates that the force due to gravity is 
too strong. Thus, as an initial guess we choose k = 0.25. 
To refine this first approximation of a fluid, we proceed as follows. To simulate actual 
molecular behavior, we introduce very small perturbations in the position coordinates 
and small random velocity coordinates for each particle. We then let this new initial 
configuration interact for 500 time steps in accordance with (3.1)-(3.7) and the final result 
is shown in Fig. 4.3. The positions and velocities of all 159 particles shown in Fig. 1.3 
are given in Table 1. Figure 4.3, itself, suggests that the fluid created exhibits a degree 
of sloshing, which is correct. 
Table I 
I 
2 
3 
4 
: 
7 
8 
9 
IO 
II 
I' 
I3 
I4 
I5 
I6 
I7 
IS 
I9 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
- 3.250 
-3.028 
- 2.810 
-2.600 0.000 
-2.363 0.000 
- I.910 0.000 
- 1.700 0.000 
- 1.470 0.000 
- 1.250 0.000 
- I.024 0.000 
-0.807 0.000 
-0.570 
-0.350 
-0.1'4 0.000 
0.309 0.000 
0.537 0.000 
0.767 0.000 
0.984 0.000 
I.210 0.000 
1.440 0.000 
1.880 0.000 
2.120 0.000 
2.360 0.000 
2.590 0.000 
2.800 0.000 
3.030 
3.250 
-3.040 
-2.840 
-2.590 
-2.350 
- 2.355 
- I.510 
- 1.280 
- 1.400 
- 1.070 
- I.140 
-0.849 
-0.400 0.200 -0.50 
-0.189 0.210 I.26 
0.076 
0.362 
0.610 
0.856 
I.385 
1.440 
1.670 
1.830 
2.040 
2.280 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.200 
0.230 
0.200 
0.220 
0.010 
0.210 
0.270 
0.440 
0.222 
0.480 
0.230 
0.010 
0.222 
0.200 
0.207 
0.270 
0.500 
0.020 
0.210 
0.177 
0.170 
0.01 
0.12 
0.10 
-0.20 
-0.40 
-0.30 
0.10 
0.60 
-0.60 
-0.30 
-1.37 
0.26 
0.10 
-0.20 
0.80 
-0.20 
0.00 
-0.30 
0.87 
-0.10 
0.20 
0.10 
0.18 
0.30 
0.00 
-0.10 
0.04 
0.50 
1.60 
-3.00 
I.10 
-0.60 
-2.00 
-0.80 
I.10 
1.80 
-0.70 
- 1.40 
-0.20 
-0.40 
- 1.60 
-0.80 
0.54 
I.19 
-0.24 
-1.50 
0.00 
-0.10 
0.00 
0.22 
0.00 
-0.50 
0.00 
0.10 
0.01 
0.13 
0.10 
0.02 
-0.02 
0.07 
0.06 
0.00 
-0.08 
0.10 
0.70 
0.00 
- I.50 
0.10 
0.10 
0.10 
-0.03 
0.03 
0.10 
0.00 
0.05 
I.40 
- I.50 
-0.70 
- 1.80 
-2.30 
0.10 
0.75 
-0.22 
-2.30 
2.00 
I.10 
0.18 
-0.50 
0.76 
-0.20 
- 1.00 
-1.80 
I.17 
0.62 
0.02 
0.80 
-0.10 
0.71 
(Conrimed nexr pugr) 
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Table I. (Conrimed) 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
71 
73 
74 
75 
76 
77 
78 
79 
80 
81 
81 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 
100 
101 
102 
103 
104 
IO5 
106 
107 
108 
109 
110 
III 
I12 
II3 
114 
I15 
2.540 
2.830 
3.055 
-3.250 
-2.780 
-2.530 
- 2.530 
-2.180 
- 1.770 
- 1.920 
- 1.600 
- I.510 
- I.120 
-0.990 
-0.945 
-0.400 
-0.170 
0.157 
0.200 
0.432 
1.084 
1.250 
I.590 
1.670 
1.880 
2.110 
2.390 
1.700 
2.980 
3.250 
-3.240 
-3.050 
-2.740 
-1.340 
-2.050 
-2.100 
-1.750 
- 1.700 
- I.420 
-0.830 
-0.780 
-0.640 
-0.330 
-0.038 
-0.021 
0.652 
I.012 
0.788 
I.210 
1.500 
1.730 
"70 _._
2.500 
2.530 
2.760 
3.250 
-3.240 
-2.980 
-2.690 
-2.310 
- 1.950 
-1.900 
- 1.650 
-1.330 
- I.549 
0.216 
0.200 
0.250 
0.231 
0.480 
0.640 
0.400 
0.300 
0.200 
0.340 
0.360 
0.630 
0.670 
0.730 
0.460 
0.400 
0.510 
0.190 
0.420 
0.423 
0.190 
2.10 
-0.50 
- I.20 
2.60 
-0.80 
-0.90 
0.65 
"0 _._ 
1.00 
0.32 
0.345 
0.245 
0.390 
0.470 
0.400 
0.360 
0.360 
0.480 
O.'lO 
0.460 0.10 
0.500 0.30 
- 1.90 
0.25 
0.16 
0.17 
0.65 
0.02 
0.38 
’ ‘0 _._ 
- 1.60 
0.690 
0.509 
0.166 
0.510 
0.511 
0.750 
0.800 
0.910 
0.600 
0.190 
0.690 
0.611 
0.310 
0.634 
0.434 
0.414 
0.610 
0.746 1.74 
0.640 0.30 
_ 2.13 
- 1.00 
-0.80 
-0.60 
5.20 
1.90 
I.54 
- 1.00 
-2.10 
0.50 
0.00 
2.30 
1.50 
-2.30 
0.590 
0.803 
0.530 
0.590 
0.438 
0.714 
0.747 
0.980 
0.754 
0.655 
0.950 
I.260 
1.160 
0.987 
-0.90 
1.23 
1.34 
0.00 
I.84 
0.21 
I.74 
-3.20 
0.86 
1.80 
- 1.80 
0.45 
3.50 
0.88 
1.00 
0.70 
0.97 
0.44 
-0.30 
0.89 
2.40 
- I.20 
1.30 
- 1.00 
0.80 
0.60 
-3.30 
- 1.00 
0.98 
- "0 _._ 
0.00 
0.70 
0.10 
- 2.00 
I.61 
- 1.50 
- 1.20 
- 2.50 
0.70 
0.70 
- I.00 
- I.30 
0.00 
- I.00 
- I.50 
0.70 
-0.10 
0.90 
-0.20 
- I.00 
-1.00 
- I.10 
0.63 
I.10 
0.80 
0.00 
I.SO 
0.30 
-0.90 
-0.50 
0.10 
-0.50 
- 2.00 
1.09 
0.00 
0.30 
0.26 
-0.60 
_ 2.90 
1.90 
0.20 
-0.60 
-3.30 
0.80 
- 1.10 
_ "0 -.- 
0.00 
1.50 
- I.30 
-2.10 
0.75 
-0.40 
- 1.50 
I.40 
0.83 
3.10 
- I.30 
2.90 
- 2.00 
0.60 
- 1.00 
-0.20 
1.70 
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116 - 1.210 0.920 1.20 -0.80 
117 -0.635 0.764 0.60 -0.20 
118 -0.672 0.423 -3.40 0.80 
II9 -0.094 0.800 0.77 -0.70 
I20 0.155 0.830 3.30 -0.90 
121 0.296 0.651 2.30 -2.30 
I22 0.702 0.864 1.90 -1.10 
I23 0.934 0.650 0.40 -1.10 
I24 0.960 0.878 0.70 -3.00 
125 I.165 0.823 1.90 1.80 
I26 I.350 0.937 2.70 2.80 
I27 1.707 0.935 -2.70 0.80 
I28 1.970 0.660 2.00 - 1.30 
I29 2.270 0.820 1.90 0.90 
130 2.440 1.090 I.00 -0.50 
I31 2.720 0.870 0.70 -2.00 
132 2.920 0.770 - 1.00 -2.00 
133 3.200 0.660 -2.60 I.40 
134 -3.240 I.010 -2.50 -0.70 
I35 -2.920 0.960 2.30 -0.30 
136 -2.500 I.200 - 1.00 1.70 
137 -2.410 0.910 -0.80 1.90 
I38 -2.190 I.110 0.80 -3.60 
139 -2.100 0.840 -2.30 0.70 
I40 - 1.980 I.270 -0.20 1.00 
141 - 1.050 I.080 -2.40 - 1.70 
I42 -0.570 I.050 - 1.80 0.30 
I43 -0.400 I.310 0.30 - 1.30 
I44 -0.490 0.555 1.70 0.40 
I45 -0.346 0.995 0.20 -3.30 
I46 -0.175 I.140 2.60 1.70 
I47 0.108 1.090 - 1.00 -0.70 
I38 0.442 0.799 1.92 -0.40 
149 0.390 0.988 - I.50 0.87 
I50 0.608 1.070 0.65 -2.50 
151 0.850 I.150 0.00 -3.20 
I52 I.180 I.160 -0.60 -0.20 
I53 I.510 I.110 I.50 - 1.40 
I54 I.810 I.170 -1.40 0.70 
I55 I.910 0.866 0.10 -1.90 
I56 2.150 1.080 0.95 0.00 
I57 2.740 1.070 0.25 1.40 
I58 2.990 I.010 I.50 2.60 
IS9 3.180 0.906 2.50 0.00 
5. VERIFICATION OF FLUID PROPERTIES 
Let us show now that the particle configuration generated in Section 4, and shown in 
Fig. 4.3, does possess basic properties of fluids. To do this, we will show that it flops 
easily, has buoyancy, and expands appropriately when heated. 
Consider, first, the removal of the right wall. Application of (3.1)-(3.7) then results in 
the rapid flow to the right, out of the basin, as shown at the time steps depicted in Fig. 
5.1. 
Next, let us consider buoyancy. For this purpose, we shall show that a particle in the 
basin with mass less than unity must be ejected from the basin, while a particle with mass 
greater than unity must sink. Consider, then, particles P M and Plsl (consult Table 1) and 
reset their masses to rnM = 0.05, ml5l 
- 
:d ..;_. 
1 
..__. -_ .:. _.._._ -. 3 .-. ._. _./___-.___ 
;_I : :.’ 
I j : .‘-’ 
08C 
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(a) t800 
__-- - 
(b) 5200 
- -- __ 
(c) Loo 
(d) ‘1600 
Fig. 5.3. 
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times to, t8~, f1600. fzlw, r2800, t3zw. while the sinking of P,SS is shown at the respective 
times to, t~oo, fg~, ~IZDO, tlmO, tz~). t2100. It should be observed that the motion of neither 
is completely vertical. This is due, primarily, to the internal motions of the basin fluid. 
Were we to decrease all particle speeds so that these internal motions were also decreased. 
then the ejection and sinking trajectories would be more vertical. Nevertheless. they would 
never be completely vertical because of the nature of the local force interactions. 
Finally, let us indicate the effect of heating the fluid by heating all three sides of the 
basin. This is effected merely by choosing the damping factor 6 greater than unity. For 
6 = 1.25, Fig. 5.3 shows, with increasing time, a decrease in density and an increase in 
volume. with a relatively rapid volume expansion when the particles have accumulated 
enough kinetic energy to escape the attractive, bonding effects of the local forces. 
6. FREE SURFACE MOTION 
One of the more difficult and important areas of fluid dynamics is the study of free 
surface motion (see, e.g.[ I, 9, 11, 141, and the references contained therein). Let us ex- 
plore, then, a particular type of free surface motion. that is. the generation of waves when 
a drop falls into a basin. 
Consider the parameter choices and the basin generated in Fig. 1.3. Let the basin 
particles continue to interact for 4000 additional time steps. At his time. let us increase 
N to 163 by the addition of four particles at ( -0. I_, )-, 2.866). (0.125. 2.866). (0.0. 2.6-tlj) 
and (0.0, 3.0825). Let these particles each have velocity (0.0, -55.0). and let them con- 
stitute a drop. The resulting initial configuration and velocity field are shown in Fig. 6. I. 
The initial data for all 163 particles are given in Appendix II of Greenspan[8]. The ensuing 
free surface motion is shown in Fig. 6.2 at the indicated times. Figure 6.2(a) shows the 
drop penetration. Figures 6.2(b) and (c) show the beginnings of two types of reactions. 
one of which is backdrop motion and the other of which is wave motion toward the side 
walls. Figures 6.2(d) and (e) show the backdrop reaction clearly. while (0 shows the 
development of the waves toward the walls and the pinching offof the end of the backdrop. 
Figure 6.2 (g) shows the left and right waves collidin, 0 with the walls. while (h) and (i) 
show the return of the fluid toward relative equilibrium. 
Figure 6.3 shows the motion of a large drop with 31 particles, each with the relatively 
small initial velocity (0.0, - 1_5.0), being dropped into a basin with 271 particles. This 
large basin was constructed by laying off two basins like that shown in Fig. 4.3. truncating 
Fig. 6. I. 
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(e) 5900 
(I) t2100 
(g) t2900 
Fig. 6.2. (continued) 
Particle modelling of fluid phenomena 
0 I 
Fig. 6.2. (continued) 
(a) to 
Fig. 6.3 
286 
(‘I 5600 
(f) t2600 
(g) t3000 
t- 
Fig. 6.3. (continued) 
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(a) 5800 
(b) t2000 
(‘I t2600 
Fig. 6.4, 
so that the total base length was 12.0, and generating a random set of velocities of the 
same order of magnitude as that for the particles in Fig. 4.3. Figures 6.3(b)-(d) show the 
drop penetration and the immediate generation of waves toward the side walls. Their 
growth is seen in Figs. 6.3(e)-(h). as is a degree of splashing, backdrop motion. Figures 
6.3(i)-(l) show the wave motion toward the side walls and the beginning of a return toward 
relative equilibrium. The initial data for this example are given in Appendix III of Green- 
span[8]. 
Finally, let us indicate that a large number of other examples were run with entirely 
analogous results. These included force parameter variations of D = 0.5, 0.45, 0.25; 6 = 
1.0, .95, 0.50, .20; and g = 980.0. As an example, Figure 6.4 shows results analogous 
to those in Figs. 6.2(d)-(f), but for a three-row basin of 117 particles, a drop of 33 particles 
with initial velocities (0.0, - 14.0), and 6 = 0.2. Attempts to increase p and q led to 
increased volatility, and so were not studied further at present. 
7. MIXTURE 
Finally, let us turn to a problem in which two different fluids mix. Again, we will 
consider a drop problem, but will consider a new basin and a new set of force parameters. 
Moreover, in simulating the mixing process, we will develop a simple method for analyzing 
gross fluid motions. 
Consider the rectangular basin shown in Fig. 7.1, where the base has length 4 units 
and the right wall has height 2.4 and width 0.2. In this basin, Fig. 7.1 shows a particle 
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Fig. 7.1. (continued) 
(=I 5600 
I 2 3 4 
Fig. 7.3. 
fluid of 190 particles, each unshaded and of unit mass. The particles have been drawn 
relatively small deliberately, for convenience later when additional lines will be added to 
the figure. Consider also a fluid drop of 15 particles, each of mass 2 units and shown as 
shaded particles in the figure. The drop is shown to be flattened under the assumption 
that it has already hit the surface. The force parameters are p = 1, q = 3, D = 0.25, 6 
= 0.9, g = 980.0. All initial positions and velocities are given in Greenspan[6]. 
Figure 7.2 shows the resulting dynamical behavior. Figure 7.2(a) shows the entry and 
initial dispersion of the drop, while (b) and (c) reveal the wave reaction of the basin, which 
consists of a backflow over the sinking drop and a wave flow over the right wall. Figures 
7.3 and 7.4 show how the gross motions can be analyzed more carefully by following the 
time variation of various fluid columns[j]. Figure 7.3 shows which columns in Fig. 7.1 
will be followed. Figure 7.4 then reveals, in addition to the results derived from Fig. 7.2, 
that the accordian type motion under the sinkin, 0 drop is probably vortex circulation. 
From the remaining column motions, it is seen that the tops of columns tend to flow to 
the right, while the bottoms tend to flow over the sinking drop. 
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8. REMARKS 
Let us conclude by making three important observations. First, note that with the rapid 
development of vector and parallel computers, we expect to be able to handle many more 
particles than those of the present examples. Unfortunately, though methodology and 
technology are even available today for handling 200,000 particles[2], this technology is 
not available at our computing center. 
Next, let us note that all particle fluid models can be formulated in such a fashion that 
the continuum conservation laws can be preserved exactly[4]. Such a formulation, how- 
ever, is necessarily implicit and relatively expensive. 
Finally, let us note that, phenomenologically, the particle approach allows us to ascribe 
a mechanism for transition from laminar to turbulent flow. For example, consider a small 
section of a fluid, shown in Fig. 8.1, as it emerges, say, from a nozzle. Let the force 
parameters be p = 7, q = 10, G = I, H = 1, N = 34, mi = 1, i = 1, 2, 3, . . . , 34. 
The initial positions are fixed so that the particles P ,,-Pzz are centers of regular hexagons, 
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each with edge lengths (l.5Jh. The initial velocities are fixed by the formulas 
Vi.x.0 = v f ei, 1 , vi._,,.0 = e;.?. (8.1) 
where V is a parameter which assures relatively horizontal motion, as would be the case 
in nozzle flow. while ei.1 and ei.- are random perturbations chosen in the range 
Ie;.,ls l%V, j= 1,2. (8.2) 
Note that the 1 e;.j 1 increase with V, which could result naturally from internal wall 
collisions just previous to exit from the nozzle’s interior. Gravity is neglected and all 
k 
: 
t=1.0 
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particles are allowed to interact with all other particles, so that a choice of D is not 
required. 
Figures 8.2-8.4 show the resulting fluid motions for V = 50,300 and 1000, respectively. 
For V = 50, the motion in Fig. 8.2 is what is usually called laminar, since the original 
rows of particles maintain their relative positions. For V = 300, the motion in Fig. 8.3 
is beginning to show a degree of rotation, but the rows still retain their relative positions, 
so it is still laminar. In Fig. 8.4, for V = 1000, the laminar character has disappeared and 
one might call this turbulent. The fact that this flow has characteristics in common with 
engineering experience follows from the observations that it results as the velocity in- 
creases and that the particles rotate around each other in a nonuniform fashion. Thus, it 
would seem that the increase in speed V, which results in magnitude increases for e;.i 
and ei.2, allows particles to come closer to each other, which, in turn, yields an increase 
in interparticle repulsion. It is this relatively large repulsive effect which can be viewed 
as the basis for transition to turbulent behavior. However, this matter needs much more 
careful exploration and development. 
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